QUANTUM FUNCTIONS 
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Abstract. Weaver has recently defined the notion of a quantum relation on 
a von Neumann algebra. We demonstrate that the corresponding notion of a 
quantum function between two von Neumann algebras coincides with that of 
a normal unital *-homomorphism in the opposite direction. 

A relation between sets X and Y is simply a subset of F x Weaver has 
recently proposed the following generalization of relations to the noncommutative 
setting: 

Definition (Weaver, [5, Definition 2.1]). Let M C and TV C 6(/C) be von 

Neumann algebras. A quantum relation between and TV is an ultraweakly closed 
subspace V C B{-H, K.) such that N'VM' C V. 

This definition reduces to the usual one when M = t°°{X) and TV = 
It has many other virtues. It is simple to state and simple to handle, and many 
familiar properties of relations have natural analogs. 

Definition (Weaver, [SI Definition 2.4]). Let TWq, M.i and M.2 be von Neumann 
algebras. 

• The diagonal quantum relation on A^o is the quantum relation A^q between 
TWo and Mq. 

• If V is a quantum relation between AIq and A^i, then the miJers^ of V is 
the quantum relation V* between TWi and Mq. 

• If Vo is a quantum relation between Mq and A^i, and Vi is a quantum 
relation between Adi and M21 then their composition VioVq is the quantum 
relation between A4q and TM2 defined by 

r i r-ultraweak 

Vi oVq — Vi Vo — spanjwiwo | vi G Vi, vq £ Vo} 

If we interpret inclusion between quantum relations as the proper generaliza- 
tion of inclusion between classical relations, we arrive immediately at the following 
definitions. 

Definition (Weaver, [5j Definition 2.4]). Let V be a quantum relation on a von 
Neumann algebra Ai. Then V is said to be 

• reflexive in case AC C V, 

• symmetric in case V* = V, 

• antisymmetric in case V H V* C A^', and 

The research reported here was supported by National Science Foundation grant DMS-0753228. 

-'^Here and elsewhere, I have reversed the usual order of the Cartesian product so that the 
composition of two functions coincides with their composition as relations. 

^Weaver uses adjoint and product in place of inverse and composition. I prefer the classical 
terminology. 
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• transitive in case W C V. 

Thus, Weaver has generalized a large class of mathematical objects including 
orderings, graphs, equivalence relations, etc. 

In foundations, a function from a set X to a set Y is typically defined as a 
relation F C Y x X such that for each element x € X, there is exactly one element 
y ^ Y such that (y, x) G F. Denoting the diagonal relations on X and Y by Ax 
and Ay- respectively, we may restate this condition as a pair of inequalities: 

(1) Ax QF* oF 

(2) FoF* CAy 

It is therefore natural to investigate the quantum relations that satisfy the analogs 
of these inequalities, i.e., quantum functions. In fact, we show that they correspond 
exactly to the normal unital *-homomorphisms: 

Definition. Let M C B{H) and A/" C B{IC) be von Neumann algebras. A quantum 
function from to A/" is a quantum relation V between A4 and Af such that 
M' C V*V and VV* C TV'. 

Theorem. Let M C B{H) and J\f C B{IC) be von Neumann algebras. There 
is a canonical bijective correspondence between normal unital *-homomorphisms 
M — > Ai, and quantum functions from A4 to M . This correspondence is functorial. 



Conventions used in this article. Let H be a Hilbert space. If ^ G "H, then 
^ G S(C, "H) is defined by ^(c) — c^. If V and W are ultraweakly closed subspaces of 
B{'H), then VW = span{t;w | w 6 V, w G W}"'", and V®W = spanjw (g) w | w e V, u; G W} 
The tensor product of two Hilbert spaces is defined in such a way that H ^ C = 
H = C(E>TL. The von Neumann algebra of scalar operators on TL is denoted by Cn- 

Definition. Let and Af be von Neumann algebras. Then vN(7V, A/() denotes 
the set of normal unital *-honiomorphisms J\f — > Ai, and qF(7W,7V) denotes the 
set of quantum functions from A4 to J\f . 

1. Functions from Homomorphisms 

Let M C B{'H) and N C B{1C) be von Neumann algebras, and let tt : TV — > M 
be a normal unital *-homomorphism. 

Theorem 1.1 (Dixmier, |4l Theorem IV. 5. 5]). There is a Hilbert space C and an 
isometry w G B{'H, 1C® C) such that 7r(6) = w*{h ® l)w. 

Let L and w be as in Theorem ll.il above. 

Proposition 1.2. For all b G TV, (6 ® l)w — wn{b). 

Proof. For all b eN, 

WW* {b* ®l){b®l)ww* ~ WTi{b*b)w* — WTr{b*)T:{b)w* = ww* {b* (x)l)ww* {b(!i)l)ww* , 

so ww*{b* (8) 1)(1 — WW*) (6® l)ww* = 0. Since 1 — ww* is a projection, we conclude 
that (1 - ww*){Af^Cc)ww* = 0, i.e., ww* G (TV^C£)'. Therefore, for all 6 G TV, 
(6 (g) l)w = (5 (8i l)^^*^ — WW* (6 (g) l)w = W7r(6). □ 

Definition 1.3. The set 0(7r) = {u G B{n, /C) | Vfe G TV feu = W7r(6)} is a quantum 
relation between A4 and TV. 
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Proposition 1.4. M' C i3{n)*&{n) 

Proof. Choose a basis {ea}aei of C. For each a e I, (1 ® e* )w E B{H, IC) satisfies 
6(l®e*)io = (l(8)e*)(6(8)l)w = (1 (g) e;)u;7r(6) for aU beAf, i.e., (l(g)e;)w; G ©(tt). 
It follows that 

1 = w*w = ^ w*(l eae;)w ^ ((1 (g) e*Jw)* ((1 (g) e;)w) , 

soCu C ®(7r)*0(7r). We conclude that X' = C^TW' C ©(7r)*(5(7r)X' = C5(7r)*©(7r). 

□ 

Proposition 1.5. ©(7r)©(7r)* C JV' 

Proof. For all vq,vi E ©(tt), and ah b E J\f, bvQvl = voTT{b)vl = wo(wi7r(6*))* = 
vovlb. □ 

Proposition 1.6. Therefore ©(tt) is a quantum function from A4 to M. 

Thus, we have defined a function © : vN(7V, M) — > qF{M,Af). 

2. HOMOMORPHISMS FROM FUNCTIONS 

Let M C B{'H) and J\f C S(/C) be von Neumann algebras, and V a quantum 
function from A4 to AT. 

Lemma 2.1. There exists a famil-^ {ua}aei of partial isometries in V such that 

(1) for all distinct a, (3 E I , UaU*p = 0, and 

(2) = 1- 

Proof. Let be the collection of all sets S of partial isometries in V such that 
uu* = whenever u,u E S are distinct. Applying Zorn's Lemma, we obtain a 
maximal such set S. 

Suppose that X^ugs^*''^ 1j ^'^d let p = 1 — X^ugS^*^' subspace Vp is 
non-zero because 1 E Ai' C V*V. Therefore, pick w 7^ in C V. We will now 
obtain a partial isometry to add to S from the polar decomposition of v. 

Let W* (V) be the von Neumann algebra generated by V, which is the ultraweakly 
closed subspace of B{H(BlC) generated by finite words in the elements of V and their 
conjugates. Since VV*V C Af'V C V, W*{V) is in fact generated by words of one of 
the following forms: 1, vq, Vq, vIvq, and viVg. We conclude that [IC]W* {V)['H] = V, 
where [H] and [IC] denote projections onto H and IC respectively. 

Let V = Uy\v\ be the polar decomposition of x . Since [IC] v['H] = v, [IC] Uy \H] — Uy , 
so Uy E V. Furthermore, since vp = v, Uyp = Uy, so UyU* = for all u E S. Thus, 
S U {uy} is an element of T strictly larger than S*, a contradiction. □ 

Definition 2.2. Let ©^^(V) be the normal unital *-homomorphism defined by 

0-i(V)(6) = J2 ^w}ib® l)wi, 

where {ua}a£i is any family of partial isometries in V such that '^u'^Ua — 1 and 
UaU*^ = whenever a ^ /3, and the isometry wi E B{H,IC ® (-"^{I)) is defined by 

'^Lemma l2.1l is a special case of Paschke's structural theorem for self-dual Hilbert VF*-modules 
([3 Theorem 3.12]). 
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Proposition 2.3. The normal unital *-homomorphism 25 ^(V) is well defined. 

Proof. Apply Lemma |2. II above to obtain a family {ua}aei of partial isometries in 
V such that '^u'^Ua — 1 and WqU^ =0 whenever a ^ Let wj — "^u^ (g) ia ^ 
B{n,K®P{I)). For all ^ G H, 



a,/3 a \ a / 



Thus, wi is an isometry, and we may now define a normal unital completely positive 
map TT/ : N — 5- B{U) by 7r/(6) = w}(b® = For all 5o,6i G N, 

ni{bo)ni{bi) ^ ^^u*6oUq^ Ugbi 

= ^ u*J)obiUa = 7r/(6o6i) 

because UqU* G VV* C A/"'. We conclude that tt/ is a normal unital *-homoniorphism. 
For all & G A/", c e A^', 

C7r/(6) = U*^UaCU*pbup = U*j3UaCU*pUp = 7Tj{b)c 

a, pel a, pel 

because UaCU*^ G VA^'V* C VV* C J\f'. By the Double Commutant Theorem, 
7r/(A/') C A4, so TT/ may be viewed as a normal unital *-homomorphism Af — > M. 

If {ua}aeJ is another family of partial isometries that satisfies X^ae/^a^a = 1 
and UaUp = for distinct a, /3 G J, we may obtain in the same way a normal unital 
*-homomorphism ttj : Af — !• A4. However, for all b G A/", 

7rj(6) = ^ U*^UaUpbui3 ^ ^ U*^bUaU*pUp ^ TTiib) 

because UqU^ G VV* C A/"'. Thus, tt/ is independent of our choice of family {uajag/, 
and we may define ©^^(V) = tt/. □ 

Thus, we have defined a function : qF{M,M) — > vN(A/', A/(). 

3. IS THE Inverse of © 
Let A4 C B{H) and A/ C B{IC) be von Neumann algebras. 
Proposition 3.1. Let tt : M — > Ai be a normal unital *-homomorphism. Then 

Proof. Let {uajae/ be a family of partial isometries in ©(tt) such that X]qg/ ''^V^a — 
1 and MaU^ = whenever a ^ (3. For all b G A/", 

©-i(©(^))(6) = = = 7r(6). 
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□ 

Proposition 3.2. Let C be a Hilbert space, and let Wo,Wi 6 B{'H,IC ® C) be 
isometries such that ■ni{b) — w*{b® l)wi defines a pair of *-homomorphisms J\f — > 
M. //tto = vTi, then wqwI G (TV^^C^)'. 

Proof. For all b e Af, (5® l)wowl = WQTTo{b)wl = 'Wo7Ti{b)wl wo{wiTri{b*))* = 
wo((fo* ® l)wi))* = wowI(6® 1). □ 

Lemma 3.3. Let V be a quantum function from A4 to M , and let {ua\uei o-nd wj 
be as m Defimtion\KM Then {M^Cii^^YwiM' = V®B{C,i'^{I)). 

Proof. By definition, = e„ £ V®B{£,t'^(I)), so {J\f®<Cp(^i))' wjM' = 

{M'®B{£'^{I)))wiM' C V®B{<C,e{I)). 

Let / e f^il) and w G V. Then for all a G /, 

Ua®f = ® /ea)("/3 ® ep) = (1 fe*Jwi G (7\r^Q2(j))'w/X', 

pel 

so 

v(E)f^ ^(w /)(u>„) = ® 1)K ® /) G iJmCe2(r)ywiM' 

because v< G VV* C TV'. It follows that V^BiC,£^{I)) C (7\/®Q2(j))'w/7W', 
concluding the proof. □ 

Proposition 3.4. The function is injective. 

Proof. For A: G {0, 1}, let V/c G qF(A^,7V), and let {ua}a&ik be a family of partial 
isometries in Vk such that UaUp = for distinct a, /3 G /fe, and ^ = 1. We 

may assume that Iq and Ii have equal, non-zero cardinality by throwing in indexed 
instances of the zero partial isometry where necessary. Thus, we may choose a 
unitary s G B{i^{Io), 

Suppose that ©-^(Vo) = 0"HVi). For all 6 G Af, 

{{1 ® s)wi,y {b ^ ® s)wi„) = w%ib^i)wi, = e-\Vom 

= &-^{Vi)ib) = wlib®l)wi, 

By Proposition [3?2l (1 ® s)wiaW*j^ G {JVWCpi^j^))' . 
By Lemma 13.31 above. 

3 (A/^Q2(j^))'((l ® s)wiaW*jJwi,M' 
= (7V^Q2(j^))'(l ® s)w/o7W' 
= (1 (g) s)(7V®Q2(^^,))'w/„A^' 
= (l«.s)(Vo^S(C/(/o))) 
= Vo0S(C,^2(/i)). 
Choosing an arbitrary unit vector / G £'^{Ii), we conclude that 

Vi = (1 ® f) {Vim{c,£^{h))) D (1 ® r) {Vom{c,£\ii))) = vo. 

Similarly, Vi C Vq, so Vi = Vq. □ 
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Theorem 3.5. Let M C B{'H) and JV C B{IC) be von Neumann algebras. The 

function 

25 : vlSS{Af,M) — > qF{M,J\f) 

defined by 

0(7r) ^{ve B{n, IC) \\fb e Af bv ^ 7r(6)w} 

is a bijection. 

Proof. The theorem foUows immediately from Propositions 13.11 and 13.41 □ 

4. FUNCTORIALITY 

Proposition 4.1. Let AAq, Mi, and M2 be von Neumann algebras. Lf Vo G 
qF(A^o,Xi) andVi £ qF(A^i, thenViVo G qF(7Wo, A^2). 

Proof. 

Xo C Vo*Vo C Vo*7W'iVo C Vo*Vi*ViVo = (ViVo)*(ViVo) 
(ViVo)(ViVo)* = ViVoVo*Vi C ViX'iVi* C ViVi* C M'^ 

□ 

Proposition 4.2. Let Ado, Aii, and M.2 be von Neumann algebras, //tti : M2 — > 
AAi and ttq : A^i — > M.q are normal unital *-homomorphisms, then ©(ttq o tti) = 
©(7ri)©(7ro). 

Proof Clearly, (S(7ri)(S(7ro) C ©(ttq otti). By Definition [23 &-\<3{tti)(3{tto)) = 
© " 1 (© (tto o TTi ) ) . By Theorem [331 we conclude that (tti ) (tto ) = (tto o tti ) . □ 

Proposition 4.3. Lei A4 be a von Neumann algebra, and let l : M. — > A4 be the 

identity *-homomorphism. Then 0(t) = AA' . 

Proof. This is an immediate consequence of Definition 11.31 □ 

Definition 4.4. Let vN be the category whose objects are von Neumann algebras, 
and whose morphisms are normal unital *-homomorphisms. 

Definition 4.5. Let qF be the following category: 

• The objects of qF are von Neumann algebras. 

• For any two objects AA and TV, a morphism from to TV is a quantum 
function from Ad to TV. 

• For any two morphisms Vo G qF(TWo,TWi) and Vi G qF(TV4i, TV42), Vi o 
Vo = ViVo. 

• For any object AA., the identity morphism at AA is the quantum function 
Ad' G qF{Ad,Ad). 

Theorem 4.6. The functor © : vN — qF defined by 

• for all objects AA o/vN, &{AA) = AA, and 

• for all morphisms vr G vN(TV C B{IC),A4 C B{n)), 

&{tt) = {v G B{n, IC)\ybeAf bv = W7r(6)}, 
is a coisomorphism of categories. 

Proof. This is a straightforward consequence of Proposition 14.21 Proposition 14.31 
and Theorem 13.51 □ 
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